Abstract. We examine a unified approach of calculating the closed form solutions of option price under stochastic volatility models using stochastic calculus and the Fourier inversion formula. In particular, we review and derive the option pricing formulas under Heston and correlated SteinStein models using a systematic and comprehensive approach which were derived individually earlier. We compare the empirical performances of the two stochastic volatility models and the Black-Scholes model in pricing KOSPI 200 index options.
Introduction
Based on no arbitrage arguments, Black and Scholes [3] and Merton [13] derived a partial differential equation for the value of European stock options. The Black-Scholes (B-S) model assumed that the asset price follows a geometric Brownian motion with a constant volatility. Because of its simplicity and analytical tractability, the B-S model is widely used among practitioners for pricing options. However, a number of empirical studies documented systematic abnormalities and biases about the asset returns and resulting option prices in the B-S framework. Among them, the most well-known bias of the B-S model is the so-called volatility smile or skew. The implied volatilities from the market prices of options vary with respect to strike prices and maturities, contrary to the assumption of constant volatility in the B-S model. Empirical studies found that asset returns usually have a higher kurtosis and a heavy tail compared to the normal distribution which is assumed by the B-S model.
Another aspect of previous empirical finding is that asset returns and its volatility are negatively correlated although the effects on option pricing have been considered as a less crucial and primary issue in market and academia.
There have been abundant attempts to introduce new models to improve the restrictive B-S framework. Among the list, there are jump-diffusion models, CEV models, stochastic volatility models, local volatility models, and exponential Lévy models, which are by no means exhaustive yet and create an overwhelming list of references.
One of major directions is to relax the B-S assumption of deterministic volatility. To capture the volatility smile effect, it is assumed that the volatility is governed by a separate stochastic process which is termed as a stochastic volatility (SV) model.
Various SV models have been studied in the literature such as Hull and White [8] , Scott [18] , Wiggins [21] , Johnson and Shanno [9] , Melino and Turnbull [12] , Stein and Stein [20] , Heston [7] , and Nicolato and Venardos [15] . When dealing with option pricing models, it is important to have analytical solutions for pricing derivatives in a closed form. Among these SV models mentioned above, Stein-Stein model and Heston model are used more extensively. They admit analytic solutions and hence are computationally efficient. Between two SV models there are two distinct advantages which Heston's model can offer. Heston's model allows for nonnegative volatility and nonzero correlation between the asset price and volatility, while Stein and Stein's model doesn't.
Stein and Stein [20] assumed that the volatility follows a mean reverting Ornstein-Uhlenbeck process and presented explicit closed form solutions for asset price distributions and option prices. But its major weakness was the assumption of zero correlation between asset returns and its volatility. Heston [7] developed another stochastic volatility model, which follows a mean-reverting square-root process and asset returns and its volatility are correlated. A closed form solution for options was derived using an analytical expression of the characteristic function of log returns of underlying assets.
Scott [19] provided a jump diffusion model incorporating stochastic volatility and stochastic interest, each of which follows a mean-reverting square root processes such as Heston's volatility process. He derived a closed form solution for option price using stochastic calculus and the Fourier inversion formula. Schöbel and Zhu [17] applied the analogous technique as in Scott [19] to extend the Stein-Stein model to the case where asset return and its volatility are correlated. To be more precise, it was assumed in Schöbel and Zhu [17] that the volatility follows a mean-reverting Ornstein-Uhlenbeck process and is correlated with asset returns. Closed form solutions for option prices are obtained by employing the Fourier inversion formula.
In Bakshi, Cao, and Chen [1] , they conducted a comprehensive empirical study on a relatively rich class of option pricing models which incorporate Heston's SV, stochastic interest rate, and Merton's random jumps which still admit option pricing formulas in a closed-form. As mentioned in their work, random jumps or stochastic interest rates added to SV model do not improve overall pricing performances and the SV model alone reduces pricing errors significantly, while the random-jump feature improves the fitness of short-term options and the stochastic interest rate feature improves the fit of long-term options. More recently Lin, Strong, and Xu [11] , Zhang and Shu [22] , Chen and Gau [4] , and Dupoyet [6] investigated empirical performances of Heston's model on FTSE 100 index options, S&P 500 index options and currency options respectively.
For pricing KOSPI 200 index options, Kim and Kim [10] examined four different classes of stochastic volatility models including GARCH model, Variance Gamma model, and Heston model. They found that the Heston model outperforms the other models for in-sample pricing, out-of-sample pricing, and hedging.
Another point of view for improving pricing performances is to stress the relevance of nonzero correlation between the asset return and its volatility. This phenomena was observed and examined earlier in Rubinstein [16] , Bates [2] and Nandi [14] . In particular, Nandi [14] found substantial improvements in pricing out-of-the-money options and overall pricing performance allowing nonzero correlation in the empirical study for Heston's model.
The objective of this work is two-fold. The first is to suggest a unified way of deriving the closed form solutions for well-known and popular two versions of SV model using stochastic calculus and the Fourier inversion formula employed individually by Scott [19] and Schöbel and Zhu [17] . We derive the existing formulas for option prices under Heston and correlated Stein-Stein models in a unified method. For this purpose, we maintain our discussions in the present work to be self-contained to a great extent. The second is to examine two existing SV models and to analyze the empirical performances of the option prices on KOSPI 200 index between two SV models and the B-S model.
The paper is organized as follows: In Section 2 we describe the general settings of Heston and correlated Stein-Stein SV models. In Section 3 we derive and present the option pricing formulas for the two SV models in a comprehensive way. In Sections 4.1 and 4.2, we discuss the KOSPI 200 index options data and the results from parameter estimation for two SV models. In Section 4.3 we investigate model performances by analyzing out-of-sample pricing errors for two SV models and B-S model. Finally in Section 5 we summarize the results.
The stochastic volatility models

The Heston model
Let {S t } t≥0 denote the price of the underlying asset on a suitable probability space (Ω, F, P ) and satisfy the stochastic differential equation
where v t is a variance process and µ is a constant expected rate of return. We assume that v t follows Cox-Ingersoll-Ross (CIR) [5] process:
where θ is a long-run average of v t , κ is a rate of mean reversion, σ is called volatility of volatility. Here θ, κ, σ are constants and W t and Z t are two Brownian motions with a correlation coefficient ρ ∈ [−1, 1], i.e.,
As in Heston [7] , we choose the market price of the volatility risk proportional to the volatility. By shifting to a risk-neutral measure and applying Girsanov theorem to (1) and (2) we have the following equations under a risk neutral measure Q,
where
The variance moves toward the long-run average variance θ * , with the speed determined by κ * . We use the stochastic differential equation (3) for the evolutionary model of the underlying asset to describe Heston's model. It is convenient to write
whereẐ t is a standard Brownian motion independent of Z t .
The correlated Stein-Stein model
Let {S t } t≥0 denote the price of the underlying asset on a probability space (Ω, F, P ) and satisfy the stochastic differential equation (1) . To simplify the notations, we use u t = √ v t for a volatility process and assume that u t follows a mean-reverting Ornstein-Uhlenbeck process,
whereκ,θ andσ are constants. As in Schöbel and Zhu [17] , we consider the extension of the Stein-Stein model and assume that W t andZ t are correlated Brownian motions with a correlation coefficientρ ∈ [−1, 1]. Again following standard practice to take a risk-neutral measure Q, we assume that the asset price and volatility are governed as following two processes;
Note that we continue to use the same parameters as in (5) 
The option pricing formulas
For both SV models considered in the present work, the price of European call option can be expressed as a conditional expectation of a discounted payoff under the risk-neutral measure Q,
where τ ≡ T − t is the time to expiry, r is the constant riskless interest rate, and K is a given strike price. Here F t is defined by the smallest σ-algebra generated by {W s , Z s : s ≤ t} for the Heston model and {W s ,Z s : s ≤ t} for the correlated Stein-Stein model respectively.
In the present section, we investigate a systematic and unified method to provide closed-form solutions for European call option prices under two SV models. First, we consider the Heston's model under risk-neutral measure Q and write
Again under the correlated Stein-Stein model governed by (6), we obtain following analogous expression for European call option price,
It is worthwhile to note that C 1 andC 1 stand for the values of asset-or-nothing call option for each SV model. Similarly, C 2 andC 2 denote the values of cash-or-nothing call option for each model.
Asset-or-nothing options
Let us denote the log of the asset price x(t) = ln S(t). For Heston's model, by change of the measure,
we have
The characteristic function f 1 of x T under Q 1 conditioned on F t can be defined by
Consequently, by applying the Fourier inversion formula, we obtain (11)
for Heston's model. Therefore, the asset-or-nothing call option can be computed by
By repeating the same argument for the correlated Stein-Stein model, we have
where F 1 andf 1 are defined analogously as in (10) and (11).
Cash-or-nothing options
The value of a cash-or-nothing call option for Heston's model can be expressed as the following,
Now we calculate the characteristic function f 2 of x T under Q conditioned on F t by
Once we compute the characteristic function f 2 , F 2 can be calculated using the Fourier inversion formula:
Again for correlated Stein-Stein model, we write along the similar lines,
where f 2 denotes the characteristic function of x T under Q conditioned on F t , and F 2 denotes the expression in (16) with f 2 replacing f 2 .
The option pricing formulas for the Heston model
We now assume Heston's model, under which S t and v t follow the equations in (3) under Q. To derive the formulas for f 1 and f 2 in (10) and (15), it is convenient to obtain the Fourier transform of x T under Q conditioned on F t in a general setting. The proof of the lemma is given in Appendix. 
where the functions A(τ ) and B(τ ) satisfy
and
Once we compute the Fourier transform (18), we drive the value of European call option under the Heston SV model.
Theorem 3.2 (Heston Model). Assume that the underlying asset price and its variance satisfy (3) under Q. Then European call option pricing formula for the Heston model is given by
where K is the strike price and r is the riskless interest rate, and τ = T − t is the time to maturity. Here
and f is defined in (18).
The option pricing formulas for the correlated Stein-Stein model
By employing the analogous techniques, we compute the characteristic functions for the correlated Stein-Stein model. The proof of the lemma is given in Appendix.
Lemma 3.3. Assume that the underlying asset price and its volatility satisfy (6) under Q. Then for z = 1 + iφ or iφ with φ real and τ = T − t, we have
where the functions G(τ ), H(τ ) and I(τ )satisfy
, 
and f is defined in (21).
Empirical performances on KOSPI200 index options
Based on the closed form solutions presented in Theorem 3.2 for the Heston model and in Theorem 3.4 for the correlated Stein-Stein model we examine and compare the relative empirical performances of two SV models and B-S model in pricing KOSPI 200 options. To perform the empirical test, it is essential to estimate the unobservable structure parameters and the spot volatility using an efficient methodology. We use the most popular approach of minimizing the weighted sum of squared pricing errors between the models prices and market prices for estimation of parameters. We assess and analyze two distinct types of out-of-sample pricing errors for KOSPI 200 options under two SV models and B-S model.
Data description
The KOSPI200 (Korea Stock Price Index 200) option was developed at the Korea Stock Exchange (KSE) in June 1994 by selecting 200 stocks from a broad range of industry groups of stocks listed on the KSE. Our empirical study is based on European style KOSPI 200 options over the period from Jan. 2, 2004 through Sept. 21, 2006 . For each day in the sample, the last reported bidask price quotes and closing prices are recorded which are used for different purposes.
To enhance the efficiency of our analysis, we eliminate options prices from our data to avoid unnecessary bias and noises. We exclude options with maturities less than 6 days or more than 90 days, and options with prices lower than 0.2. Moreover options with the moneyness S/K is less than 0.8 or larger than 1.2, i.e., very deep out-of-money or deep in-the-money are discarded. The prices which are not satisfying the arbitrage restriction are excluded, i.e.,
where C Market is the observed market prices and D is a present value of a sum of the future dividends during remaining time T − t. Following the convention of KSE, the 91-day certificate of deposit (CD 91-day) rate is used as the risk-free interest rate.
Through a series of data filtering, a total of 17,843 call options over the period 879 days are recorded. We categorize the option data according to their moneyness S/K and maturity and describe their characteristics in Table 1 . On the basis of moneyness option data consist of 32.9% OTM, 32.4% ATM, and 34.7% ITM options. The study shows that the average call option price ranges from 0.4077 for short-term and deep OTM options to 13.5873 for short-term and deep ITM call options. In turns out that on average we retain about 26 call option prices observed on each day. 
Parameter estimation
To compute option prices for Heston's model, one needs to estimate the vector of spot variances v t 0 and structural parameters, Φ = (κ * , θ * , σ, ρ, v t 0 ). This table reports the daily average and its standard error (in parentheses) of the estimated parameters. The Black-Scholes model in which a single implied volatility is estimated across all strikes and maturities on a given day and the SV models in which parameters are estimated by minimizing the weighted sum of squared pricing errors between model and market option prices for each day.
For the counterpart of Stein-Stein model, the vector of the spot volatility u t 0 , and structural parameters,Φ = (κ,θ,σ,ρ, u t0 ), are input parameters to be estimated from option data. Following the standard practice by most researchers and practitioners, we use the least-square-minimization method to obtain the parameters implied by option data.
We describe the estimation procedure as follows. First, we collect N t option values on the same underlying asset in the same day t. These options have different times to maturity and strike prices. (25) min
where T d is the total number of days in the sample. Here we take the observed mid price C Mid i,t and the weight function ω i as following
where C bid i,t and C ask i,t are the bid and ask prices of the i-th option at the day t. If the bid-ask spread of a particular option is great, then we have a wider range of market prices around the mid-price which necessarily imply small liquidity as a result. It is quite reasonable to take less weights for such options in estimating the implied parameters.
For the Heston and the correlated Stein-Stein models, Table 2 We conform the widely accepted assumption that asset returns and volatility are negatively correlated, as documented by many previous results such as Rubinstein [16] , Nandi [14] , and Bates [2] .
Empirical tests
Using estimation methology described earlier, we perform out-of-sample pricing tests for two versions of SV model and the B-S model. For two SV models, the implied structural parameters and spot variance and spot volatility are computed by minimizing the weighted sum of squared errors between model prices and mid-prices from the previous day while for B-S model, an average single implied volatility is computed from the previous day.
For measurement of pricing errors, we demonstrate values of the mean percentage pricing error(MPE) and mean absolute pricing error(MAE) defined as
where N is the total number of options in a particular moneyness-maturity category, C
Market i
and C
Model i
represent the market price and the theoretical model price, respectively. These measurements were popular, e.g., in Bakshi, Cao, and Chen [1] . Table 3 and Table 4 report the MPE's and MAE's of the Black-Scholes model, the correlated Stein-Stein model, the Heston model, for each moneynessmaturity categories. We summarize the results and draw some conclusions. From both pricing error measurements, two SV models improve pricing performances significantly over B-S model which is not surprising as was found by Bakshi, Cao, and Chen [1] . In comparison of two SV models, it is worthwhile to notice that Heston model performs slightly better than correlated Stein-Stein model in the most categories, although two SV models have the identical number of structural parameters. Pricing improvements of two SV models over B-S model are particularly noticeable for OTM options in pricing error measurements. As an example, for long-term option with moneyness less than 0.94, MPE for B-S, Stein-Stein and Heston models are -2.76%, -1.33%, -1.05% and The Black-Scholes model price is computed by using the average implied volatility from the previous day. The SV model prices are computed by using the implied parameters estimated from minimizing the weighted sum of squared errors between the mid price and the model price from the previous day. The reported percentage pricing error is the sample average of the market price minus the model price, divided by the market price. The numbers in the parentheses are the standard errors.
MAE for B-S, Stein-Stein and Heston models are 0.2592, 0.0991, and 0.0966 respectively. By examining MPE, we find that regardless of pricing models, OTM options are overpriced in each maturity class, whereas the magnitude of errors in two SV models is much smaller than in B-S model. On the basis of The Black-Scholes model price is computed by using the average implied volatility from the previous day. The SV model prices are computed by using the implied parameters estimated from minimizing the weighted sum of squared errors between the mid price and the model price from the previous day. The reported absolute pricing error is the absolute value of the market price minus the model price within each moneyness-maturity category. The numbers in the parentheses are the standard errors.
MPE, the pricing improvements by two SV models over B-S model decrease as moneyness increases, i.e., from OTM to ATM and from ATM to ITM in each maturity group. Contrary to this, the magnitude of absolute pricing errors reported in MAE typically increase as the moneyness increase in each maturity class across all models, since the options become more valuable as the moneyness increases. We observe again that in MAE measurement, the Heston model outperforms the other models in most of the moneyness-maturity groups, and the magnitude of improvement is more substantial for OTM options than for ITM options.
Conclusions
In this work, we review and derive the closed form solutions for the values of European call options under the Heston's and the correlated Stein-Stein stochastic volatility models using a unified approach. The analytic solutions are derived using stochastic calculus and Fourier inversion formula. Pricing performances of two versions of SV models and B-S model are empirically analyzed using the KOSPI 200 index option data from Jan. 2, 2004 through Sept. 21, 2006 . The cross-sectional implied parameters are estimated from minimizing the weighted sum of squared errors between the market and the model prices for each model. Through the measurements of pricing errors, we conclude that two SV models outperform significantly over B-S model and the Heston model performs slightly better than the correlated Stein-Stein model.
Appendix
In this section, we prove the formulas of the characteristic functions (18) and (21) 
Proof of the Lemma 3.1
We adopt the approach employed in Scott [19] and provide more detailed discussions along the lines. Let us denote the log of the stock price x t = ln S(t). Then from the stochastic differential equation (3), x t satisfies
For z = 1 + iφ, we obtain By analogy with Black-Scholes formula, we guess a solution of the form:
y(v, t, T ) = e A(T −t)v+B(T −t) .
By substituting the proposed value in (29), we obtain the following ordinary differential equations (ODEs) for A(τ ) and B(τ ): where τ = T −t and A(τ ) and B(τ ) are defined in (19) and (20) respectively for z = 1 + iφ. For z = iφ, one can apply similar techniques to get the expression in (18) for f (iφ). This concludes the lemma. 2
The similar calculations are performed for the correlated Stein-Stein model to get Lemma 3.3.
Proof of the Lemma 3.3
We follow the proof given in Shöbel and Zhu [17] . Let us denote the log of the stock price x t = ln S t . Then from the stochastic differential equation (6) 
G(T −t)u 2 +H(T −t)u+I(T −t)
and the solution of ODEs for G(τ ), H(τ ), I(τ ) are given in (22), (23), and (24) in Lemma 3.3 respectively (See Schöbel and Zhu [17] for details). For z = iφ, we use similar techniques to get the expression in (21) forf (iφ), which concludes the lemma.
